Beam-driven instabilities are considered in a pulsar plasma assuming that both the background plasma and the beam are relativistic Jüttner distributions. In the rest frame of the background, the only waves that can satisfy the resonance condition are in a tiny range of slightly subluminal phase speeds. The growth rate for the kinetic (or maser) version of the weak-beam instability is much smaller than has been estimated for a relativistically streaming Gaussian distribution, and the reasons for this are discussed. The growth rate for the reactive version of the weak-beam instability is treated in a conventional way. We compare the results with exact calculations, and find that the approximate solutions are not consistent with the exact results. We conclude that, for plausible parameters, there is no reactive version of the instability. The growth rate in the pulsar frame is smaller than that in the rest frame of the background plasma by a factor 2γ s , where γ s = 10 2 −10 3 is the Lorentz factor of the bulk motion of the background plasma, placing a further constraint on effective wave growth. Based on these results, we argue that beam-driven wave growth probably plays no role in pulsar radio emission.
Introduction
In two accompanying papers (Rafat, Melrose and Mastrano 2018a,b , referred to here as Papers 1 and 2) we discuss aspects of the plasma physics relevant to beam-driven instabilities in a pulsar plasma, defined here (as in Paper 1) to be a relativistic, one-dimensional (1D), electron-positron plasma that is streaming outward, with streaming Lorentz factor γ s ≫ 1, where · · · indicated the average value, and with a relativistic spread, γ 1, in its rest frame. Beam instabilities were discussed extensively in the early pulsar literature (e.g., Tsytovich & Kaplan 1972; Suvorov & Chugunov 1973 Hinata 1976a,b; Hardee & Rose 1976 , 1978 Benford & Buschauer 1977; Lominadze & Mikhailovskiǐ 1979; Lominadze & Pataraya 1982; Asseo et al. 1983; Egorenkov et al. 1983; Lyubarskii 1992 Lyubarskii , 1996 Asseo 1993 Asseo , 1995 Weatherall 1994; Asseo & Melikidze 1998; Melrose & Gedalin 1999; Lyutikov 2000; Asseo & Riazuelo 2000) . Various different assumptions were made relating to the properties of the growing waves (Langmuir-like, Alfvén-like), the model for the background plasma in its rest frame (cold, nonrelativistic thermal, intrinsically relativistic) and to the form of the instability (kinetic or reactive). Beam-driven wave growth continues to be invoked in the two most widely favored pulsar radio emission mechanisms (Paper 1): as the source of wave energy in relativistic plasma emission (RPE) (e.g., Eilek & Hankins 2016) , and as the bunching mech-anism for coherent curvature emission (CCE) (e.g., Melikidze et al. 2000; Mitra et al. 2009 ). In Paper 1 we discuss wave dispersion in the rest frame of the plasma assuming a relativistic Jüttner distribution (Jüttner 1911; Synge 1957; Wright & Hadley 1975) and emphasize that all waves have phase speed †, ζ = ℜω/ℜk c, either just below (subluminal) or greater than (superluminal) unity. This severely restricts beam-driven instabilities due to the difficulty of satisfying the resonance condition between a beam and any wave in the background plasma. In particular we argue that, contrary to what has often been assumed, there are no Langmuir-like waves with non-relativistic phase speeds in a pulsar plasma. In Paper 2 we argue that the default choice for the beam distribution should be a Lorentz-transformed Jüttner distribution, rather than the widely-favored choice of a relativistically streaming Gaussian distribution, and we find that when this choice is made it implies that the distribution function is much broader that the widely-favored form would suggest. This further constrains wave growth in several ways. It decreases the positive slope of the beam distribution below its maximum, thereby reducing the growth rate for the kinetic instability, and it increases the bandwidth of the growing waves, and it effectively precludes reactive wave growth. Our purpose in this paper is to derive the growth rates for various beam-driven instabilities, and to discuss their possible application to pulsars. We conclude that the constraints are so severe that it is implausible that beam-driven wave growth plays any role in pulsar radio emission.
We compare our results with those of Egorenkov et al. (1983) (ELM), who assumed a relativistically streaming Gaussian distribution and determined the wave properties using a relativistic form of dispersion theory (Lominadze & Mikhailovskiǐ 1979; . Following ELM, we estimate the growth rates for three versions of the beam instability: the kinetic (or maser) version and two reactive (or hydrodynamic) versions, that we refer to as resonant and nonresonant (Gedalin et al. 2002b) . For the kinetic instability to apply, the growth rate must be less than the bandwidth of the growing waves, and this condition fails to be satisfied by many orders of magnitude under plausible conditions in a pulsar magnetosphere for the distribution assumed by ELM, who concluded that the beam instability must be reactive. We derive the growth rates for these instabilities for a Lorentz-transformed Jüttner distribution and compare the results with those for the relativistically streaming Gaussian distribution assumed by ELM. We argue that there is an additional constraint that imposes a more severe constraint on the kinetic instability. This relates to the requirement for the beam and background distributions to be well separated (Paper 2); if this constraint is not satisfied, Landau damping by particles in the tail of the background distribution overwhelms any tendency towards negative absorption from the beam. Well-separated beam and background distributions are also required for either reactive version to apply, and we argue that this condition is not plausibly satisfied. Our conclusions, contrary to the conclusions of ELM, are that for Jüttner distributions, kinetic growth is possible but ineffective, and that reactive growth is not possible for plausible parameters.
We discuss the weak-beam distribution in §2. In §3 we derive and discuss the growth rate for the kinetic weak-beam instability, and in §4 we discuss reactive wave growth. The relation between temporal and spatial wave growth is discussed in §5. The results are discussed in §6 and concluded in §7.
Weak-beam model
In this section we discuss the Lorentz-transformed Jüttner model for a weak beam, and compare it with a relativistically streaming Gaussian model. We then consider dispersion equation for parallel propagating waves for a weak-beam model.
Lorentz transformed Jüttner distribution
A plasma distribution consisting of a background plasma and a beam may be written as g(u) = g 0 (u) + g 1 (u), where g 0 (u) describes the background plasma and g 1 (u) describes the beam. Assuming that these are, respectively, a Jüttner distribution at rest and a Jüttner distribution streaming with speed β b gives (Paper 2)
where n 0 and n 1 are the number densities of the background and the beam in the rest frame of the background. The distributions are normalized so that
A weak beam is defined (Paper 2) as one where the number density of the beam in its rest frame, n 1 /γ b , is much smaller than the number density of the background in its rest frame, giving
We write the combined distribution g(u) and its derivative as
where we define
for 0 < x ≪ 1. As noted in Paper 2, in the highly relativistic case, γ b ≫ {1/ρ 0 , 1/ρ 1 } ≫ 1, one may approximate (2.1) by
In the rest frame of the background, averages of a quantity Q over the background and over the beam are
respectively. The average of Q over the combined distributions is Q = (n 0 Q 0 + n 1 Q 1 )/(n 0 +n 1 ). The relation (Paper 2) n ′′ α Q/γ ′′ ′′ α = n α Q/γ α between the averages of Q in two frames K (rest frame of the background) and K ′′ (rest frame of the beam) may be used to relate n 1 Q 1 to n 0 Q 0 . We denote parameters in the rest frame of the beam with double primes.
Comparison with Gaussian model
A widely favored choice for a relativistically streaming distribution is a Gaussian. Assuming a non-streaming Gaussian model for the background and a relativistically streaming Gaussian model for the beam gives 8) in place of g 0 (u) and g 1 (u). The derivative of the total distribution, 9) with ε T = u T0 /u Tb and ε n = n 1 /γ b n 0 . We emphasize that g G1 (u) is not the same as the distribution obtained by first setting u b = 0 and then making the Lorentz transformation to the frame in which the distribution is streaming with speed β b . The distribution obtained by doing so is similar to the Lorentz-transformed Jüttner distribution, both of which are much broader than g G1 (u) in the highly relativistic case.
Dispersion equation for parallel propagation
Following Paper 1, the dispersion equation for parallel propagation for a weak beam model may be written as 10) where subscripts α = 0, 1 refer to the background and beam, respectively, and ω 2 pα = n α e 2 /mε 0 is the plasma frequency. The relativistic plasma dispersion function (RPDF) W α (z) is given by 11) where z = ω/ck is the phase velocity and g α (u) are given by (2.1). For complex frequency ω = ω r + iω i and wave-number k = k r + ik i , we have z = z r + iz i with
Landau prescription implies that the integral path in the complex β plane runs below the poles. Thus, for −1 z r 1, we have
where ℘ denotes Cauchy Principal Value. Integration by parts implies that (2.14) where the first relation is shown in Paper 1. We express (2.10) as
where we use ω 2 p1 = ε n γ b ω 2 p0 as n 1 = ε n γ b n 0 , and W (z) is calculated as above with n α → n 0 and g α (u) replaced by the combined distribution g(u) as given by (2.4). The form (2.15) of the dispersion equation is useful in discussing kinetic instability.
The RPDF associated with the beam may be evaluated either in the rest frame of the background, W 1 (z), or in the rest frame of the beam, W ′′ 1 (z ′′ ), with 16) as discussed in Paper 2. We may then write the dispersion equation (2.10) as
This form is convenient in discussing a reactive instability.
Kinetic form of weak-beam instability
The growth rate for the kinetic version of the weak-beam instability may be derived using two different methods, that are known to lead to equivalent results. The first method involves associating the absorption to the imaginary component of the frequency which is obtained from the dispersion equation. The second involves deriving the absorption coefficient using a semi-classical theory, using detailed balance to relate absorption to emission, and identifying wave growth as negative absorption. We develop the former method for a pulsar plasma, extending results derived in Paper 1.
Absorption coefficient from dispersion theory
The dissipative part of the response is described by the imaginary part of the dielectric constant. Landau damping or wave growth in a kinetic instability may be described by ℑω ≡ ω i = 0 and ℑk ≡ k i = 0, such that wave energy varies as exp(2ω i t − 2k i s), where s denotes distance along the magnetic field (which is also the ray path in the case considered here). Whether damping is temporal or spatial depends on the boundary conditions. If the waves are initially uniformly distributed then purely temporal damping (ω i = 0, k i = 0) applies, and if the waves are generated by a constant point source then purely spatial damping (ω i = 0, k i = 0) applies away from that point. The absorption coefficient in the form Γ L = −2(ω i − cβ g k i ), where β g is the group speed of the wave, describes damping independent of the boundary conditions. The energy of the wave then varies as exp(−tΓ L ) so that negative absorption, Γ L < 0, implies that the energy of the wave increases while positive absorption, Γ L > 0, implies wave damping.
The dispersion equation (2.15) with K 33 (ω, k ) = ℜK 33 (ω, k ) + iℑK 33 (ω, k ), ω = ω r +iω i and k = k r +ik i is solved using a perturbation approach. One expands K 33 (ω, k ) about (ω, k ) = (ω r , k r ) to first order in ω i and k i , assuming {|ω i /ω r |, |k i /k r |} ≪ 1, i.e. weak damping/growth, which gives
Equating the real part to zero, ℜK 33 (ω, k ) = 0, gives
where we denote † ζ = z| ω=ωr ,k =kr = ω r /ck r , and W (ζ) may obtained using (2.13) as
3)
The solution of the imaginary part, ℑK 33 (ω, k ) = 0, gives
where the group speed cβ g = ∂ω/∂k is 5) and the ratio of electric to total energy is
The explicit expressions for β g (ζ) and R L (ζ) are obtained as
with γ φ = γ| β=ζ and
Equations (3.9) describe damping (Γ(ζ) > 0) or growth (Γ(ζ) < 0) independent of whether it is temporal or spatial. The counterpart of (3.9) for the combination of Gaussian distributions (2.8) is
, (3.11) † The phase z in Papers 1 and 2 corresponds to ζ in this paper.
where
with W G (ζ) defined as W (ζ) but with the Jüttner distribution replaced by a Gaussian distribution.
Separation condition
The particles in the tail of the background distribution contribute towards positive (Landau) damping of the waves, and a negative contribution from the beam must overcome this positive contribution in order for the waves to grow. The net (background plus beam) distribution must have a well-defined minimum, with a positive slope, sgn(u)dg(u)/du > 0, above the minimum (and below the maximum in the beam distribution) to drive wave growth. This is discussed in the context of Penrose criterion for instability in §3.3 and Appendix A.
The first term inside the braces in the expression (3.9) for fractional absorption coefficient Γ L (ζ) is the positive contribution from the background, and the second term is the contribution from the beam, which is negative for γ φ < γ b and positive for γ φ > γ b . Negative absorption, Γ L (ζ) < 0, requires not only that the contribution of the beam be negative, 0 < ζ < β b or γ φ < γ b , but also that the negative contribution from the beam be greater in magnitude than the positive contribution from the background. This leads to the separation condition, that the sum of the two contributions, ∝ dg(u)/du, pass through zero (twice), with dg(u)/du > 0 between the minimum and maximum. The separation condition is discussed in Paper 2 with the background and the beam distributions considered as separated if for ε n ≪ 1 we have γ b γ b,min with
A rough estimate is γ b,min ∼ 10 γ 0 for the relevant parameter values. Over the region of interest, 1 > ζ > ζ m0 , where ζ m0 is the phase at which the RPDF ζ 2 ℜW 0 (ζ) has a turning point, the fractional absorption Γ L (ζ) is negative for (Paper 2)
where γ 1 ≈ γ b and γ 2 corresponds to the phase where dg(u)/dβ β=ζ = 0 with g(u)| β=ζ a local minimum and sgn(ζ) dg(u)/dβ| β=ζ > 0 over γ 2 γ φ γ 1 . Therefore, as expected, negative absorption is possible for well-separated distributions over the phase range where sgn(ζ) dg(u)/dβ| β=ζ > 0.
In Figure 1 we show plots of the absolute value of the negative region of the fractional absorption coefficient Γ L (ζ), scaled by γ 3 0 , as a function of γ φ for ρ 0 = 1 (solid), ρ 0 = 0.1 (dashed) and ρ 0 = 0.01 (dotted). For all values of ρ 0 we use ε ρ = 1, ε n = 10
and γ b /γ b,min = 2 (bottom), 3.2 (middle) and 5 (top). The right footpoint of each curve corresponds to γ φ ≈ γ 1 ≈ γ b and the left hand corresponds to γ φ ≈ γ 2 as defined in (3.13). It is evident that the region over which Γ L (ζ) is negative widens as γ b increases, however, the full width at half maximum (FWHM) remains relatively unaffected. The maximum negative value of Γ L (ζ) occurs at γ φ ≈ (12 ± 4) γ 0 ∼ γ b,min which is at higher phase velocity than the peak of ζ 2 ℜW 0 (ζ) at ζ = ζ m0 corresponding to γ φ ≈ γ m0 ≈ 6.2 γ 0 , where γ m0 = γ| β=ζm0 .
In Figure 2 we show plots of the absolute value of the negative region of Γ L (ζ), scaled by γ
n , as a function of γ φ , scaled by 1/ γ 0 , for γ b /γ b,min = 3.2 and default values (ρ 0 , ε ρ , ε n ) = (0.1, 1, 10
(thin-dotted), ε n → 10 −2 (thin-solid) and ε n → 0.1 (thin-dashed). This shows that the location of the peak roughly scales with 1/ γ 0 and its height with γ n , as a function of γ φ , scaled by 1/ γ 0 , for γ b /γ b,min = 3.2 and default values (ρ 0 , ε ρ , ε n ) = (0.1, 1, 10
(thin-dotted), ε n → 10 −2 (thin-solid) and ε n → 0.1 (thin-dashed).
Penrose criterion
In Appendix A we derive a necessary and sufficient condition for temporal kinetic plasma instability (ℑω > 0): the solution ω 2 = ω 2 p0 z 2 W (z) to the dispersion equation K 33 (ω, k ) = 0 corresponds to a growing mode provided that ℜz 2 W (z) is positive when ℑz 2 W (z) switches sign from negative to positive at z = ζ 2 , where ζ 2 corresponds to the phase at which g(u)| β=ζ2 is a minimum with dg(u)/dβ| β=ζ2 = 0. When the separation condition is satisfied, Penrose criterion guarantees the existence of kinetic instability.
Bandwidth of growing waves
A restriction on the maser version of any instability is that the growth rate must be smaller than the bandwidth of the growing waves. This condition is required for the random phase approximation to be valid, with the bandwidth determining the rate of phase mixing of the growing waves. If the growth rate were to exceed the bandwidth of the growing waves, the initial phase would be remembered, and a phase-coherent wave would grow. The bandwidth of the growing waves provides a maximum value for the growth rate of the maser instability.
In estimating the bandwidth of the growing L mode waves in a pulsar plasma, it is not obvious how one can appeal to the analogy with the non-relativistic thermal case, or its relativistic generalization to a Gaussian distribution. This is because the dispersion relation ω = ω L0 (ζ) is a rapidly varying function of ζ for the values of interest between the maximum of the RPDF ζ 2 ℜW 0 (ζ) at ζ = ζ m0 and the light line ζ = 1. This large rate of change of frequency with phase speed needs to be taken into account in estimating the bandwidth. A small range ∆ζ corresponds to a very small fractional bandwidth. The range ∆ζ over which the fractional absorption Γ L (ζ) is negative determines the bandwidth of the growing wave ∆ω through ∆ω = ∆ζ dω L (ζ)/dζ| ζ=ζ0 + O (∆ζ) 2 for some central ζ 0 . We estimate ∆ζ by the full width at half maximum (FWHM) of the negative region of the fractional absorption coefficient Γ L (ζ) with ζ 0 = ζ ma corresponding to the phase at which the magnitude of the negative absorption coefficient is a maximum. The fractional bandwidth is then given by
∆ζ. (3.14)
In Figure 3 we show plots of the fractional bandwidth ∆ω bw over γ b for ρ 0 = 1 (solid), 0.32 (dash-dotted), 0.1 (dashed) and 0.01 (dotted). For each value of ρ 0 we use ε ρ = 1 and ε n = 10 −3 (thick), 10 −4 (medium) and 10 −5 (thin). Using ε n = 10 −3 , 10 −4 , 10 −5 , for ρ 0 = 1 the fractional bandwidth is a maximum at γ b ≈ 35, 49, 46, for ρ = 0.32 the maxima are at γ b ≈ (1.9, 2.8, 2.4) × 10 2 , and for ρ 0 = 0.1 the maxima are at γ b ≈ (1.6, 2.1, 1.6)×10
3 , respectively. The maximum value of the fractional bandwidth is given by ∆ω bw, max ≈ 2 × 10
For the purpose of discussing the kinetic instability we are interested in the ratio of the growth rate to the bandwidth of the growing wave
For maser growth through kinetic instability to be possible we require that the growth rate is smaller than the bandwidth of the growing wave so that phase mixing can occur. This is equivalent to requiring that ε L < 1. 
Comparison with the results of ELM
ELM considered wave growth in a pulsar plasma assuming a relativistically streaming Gaussian beam. These authors estimated both the growth rate and the bandwidth of the growing waves, and argued that the requirement that the bandwidth exceed the growth rate is so severe that it cannot be satisfied for plausible parameters in a pulsar plasma.
Here we apply the same argument to a Lorentz-transformed Jüttner distribution. For the relativistically streaming Gaussian distribution (2.8) the bandwidth of the growing waves was estimated by ELM to be ∆ω bw ≈ |k |c∆β, where ∆β ≈ β∆γ/γ 3 is the range of speeds over which the resonance applies. An analogy between a relativistically streaming Gaussian and a streaming Maxwellian allows this width to be identified as ∆γ → γ Tb around γ = γ b , giving ∆ω bw ≈ |k |cγ Tb /γ 3 b . As in the nonrelativistic case, the spread in phase speeds is identified as ∆ζ = ∆β around the resonant value ζ = β b , corresponding to a spread ∆γ φ about γ φ = γ b , with ∆ζ = ∆γ φ /γ 3 φ . ELM compared this bandwidth with the maximum growth rate for the kinetic instability due to the relativistically streaming Gaussian distribution, and found that the growth rate greatly exceeds the bandwidth for plausible parameters. We note that, although ELM took the dispersion relation for waves in pulsar plasma into account elsewhere, they did not take it into account explicitly in estimating this bandwidth.
ELM suggested that plausible parameters are n 1 /n 0 ≈ 10 −3 which corresponds to ε n = n 1 /γ b n 0 ≈ 10 −3 /γ b . The minimum separation streaming Lorentz factors required for ρ 0 = 1, 0.1, 0.01 are γ b,min ∼ 10, 10 2 , 10 3 , respectively, which implies corresponding ε n of ∼ 10 −4 , 10 −5 , 10 −6 . The results of Arendt & Eilek (2002) suggest that particle distributions (background or beam) stream with Lorentz factors ∼ 10 2 −10 3 in the pulsar frame. If one assumes that, in the pulsar frame, the rest frame of the background distribution streams with γ s ∼ 10 2 −10 3 then the rest frame of the beam must stream with Lorentz factor γ r ∼ 10 3 −10 4 for ρ 0 = 1; γ r ∼ 10 4 −10 5 for ρ 0 = 0.1; and γ r ∼ 10 5 −10 6 for ρ 0 = 0.01. The peak of negative absorption is at γ φ ∼ 10 γ 0 which implies that for maximum wave growth we want γ b ∼ 10 γ 0 ; this roughly corresponds to γ b,min . We may then write, for maximum fractional growth rate, γ r ∼ (10 3 −10 4 ) γ 0 using γ r = γ s γ b . The maximum fractional growth rate may be approximated from Figure 2 as
For ε ρ = 1, ρ 0 = 1, 0.1, 0.01 and corresponding ε n = 10 −4 , 10 −5 , 10 −6 we have, respectively,
We conclude that wave growth through kinetic (or maser) instability is possible (in principle). This is different from the conclusion of ELM; this difference reflects the difference between the relativistically streaming Gaussian distribution that they assumed and the (much broader) Lorentz-transformed distribution that we assume, and for which the bandwidth is larger and the growth rate is smaller.
Reactive version of weak-beam instability
In this section we consider reactive versions of the weak-beam instability in a pulsar plasma. A reactive instability is identified as one of a pair of complex conjugate solutions of a real dispersion equation. Various approximations need to be made to reduce the dispersion equation to a real equation, similar to the cold-plasma form of the dispersion equation, in order to derive such analytic solutions. In the case of a nonrelativistic thermal distribution, or a relativistically streaming Gaussian distribution, for the beam, a cold-plasma-like form is obtained by assuming the bandwidth is much less than the growth rate, effectively ignoring the thermal spread. However, more questionable assumptions are needed to reduce the dispersion equations for Jüttner distributions to a cold-plasma-like form. Numerical calculations are needed to determine the validity of analytic solutions derived in this way. We find that our numerical calculations do not justify the analytic results for parameters thought plausible for a relativistically streaming Jüttner distribution in a pulsar magnetosphere. This leads us to suggest that there may be no reactive instability for a model based on Jüttner distributions.
Reduction of the dispersion equation
In treating a reactive instability, one neglects the dissipative part of the response function, which plays a central role in the treatment of a kinetic instability. This corresponds to neglecting the dissipative part of the RPDF and the imaginary parts of ω and k , so that the response function (2.17) reduces to
(4.1)
In treating reactive instability we assume k = ℜk and comment on the spatial growth in the next section. To identify a reactive instability one needs to approximate the dispersion equation K 33 (ω, k ) = 0, implied by setting (4.1) to zero, by a polynomial in ω with real coefficients. The complex solutions then must appear in complex conjugate pairs, one of which describes an intrinsically growing wave. The simplest cases of reactive instabilities are derived assuming a cold-plasma model, such that the spread in particle energies is neglected. For a cold background, ρ 0 = ∞, and cold beam, ρ 1 = ∞, one has ζ 2 ℜW 0 (ζ) → 1 and ζ ′′2 ℜW ′′ 1 (ζ ′′ ) → 1 so that (4.1) reproduces the well-known cold plasma form for the dispersion equation for a relativistic cold weak-beam system:
which is a quartic equation in ω. A complication in reducing (4.1) to this form is that ζ and ζ ′′ are implicit functions of ω. To proceed analytically, we ignore this complication, assuming that ζ and ζ ′′ are constants. In our numerical results we solve (4.1) directly without additional assumptions.
A justification for assuming that ζ and ζ ′′ are constants is that they are both close to unity, suggesting that one may approximate them by unity, giving Figure 5: Plots of the fractional growth rate for reactive instability Γ R (thin curves) and for kinetic instability Γ L (thick curves) for ρ 0 = 1, ε ρ = 1, ε n = 10 −4 , and γ b /γ b,min = 2 (dotted), 3.2 (dashed) and 5 (solid).
has the form
. With these assumptions, dispersion equation (4.4) becomes a polynomial of degree four in ω with real coefficients.
Numerical solutions of the dispersion equation
We numerically solve (4.1), treating ζ as a function of ω r , for ω = ω r + iω i and define the fractional growth rate of (temporal) reactive instability as
(4.5) Figure 5 shows plots of the fractional growth rate for reactive instability Γ R (thin curves) and for kinetic instability Γ L (thick curves) for ρ 0 = 1, ε ρ = 1, ε n = 10 −4 , and γ b /γ b,min = 2 (dotted), 3.2 (dashed) and 5 (solid). It is clear that reactive instability and kinetic instability apply over different ranges of phase velocity ζ; however, they overlap when plotted over wavenumber k which will become apparent below. Reactive instability grows faster, and applies over a wider phase velocity range and closer to the light line ζ = 1 than kinetic instability.
Reactive instability applies over γ b γ φ γ| β=ζ01 where ζ 01 is where ζ 2 ℜW 1 (ζ) is zero. In the rest frame of the beam ζ ′′ 01 ≈ 1 − α 1 ρ 1 with α 1 ≈ 0.1 for ρ 1 = 1 and α 1 ≈ 0.144 for ρ 1 ≪ 1 (Paper 1). This corresponds to γ| β=ζ01 ≈ 4.4γ b for ρ 1 = 1 and γ| β=ζ01 ≈ 3.5γ b γ 0 /ε ρ for ρ 1 ≪ 1.
Resonant reactive instability
The most familiar form of a reactive weak-beam instability is the solution of a cubic equation. To derive this case, we treat the contribution of the beam as a perturbation to that of the background so that to zeroth order the frequency is given by ω L0 (1). It is convenient to assume k = ℜk and introduce
with |δω/ω L0 (1)| ≪ 1 so that K 33 (ω, k ) = 0 in (4.4) may be approximated as
with δω δω
The maximum growth rate is obtained when |δω 0 | ≪ |δω| so that (4.7) reduces to (δω) 3 ≈ 1 with solutions
The growing solution, referred to as the resonant reactive instability, is
The fractional growth rate of the resonant reactive instability is then given by 2 b γ 0 ≪ 1. The fractional growth rate of the resonant reactive instability decreases with increasing streaming Lorentz factor γ b and increases with ε n . The fractional growth rate does not depend independently on the temperatures of the two distributions, described by the mean Lorentz factors, γ 0 and γ
′′ ′′
1 , but only on the ratio of these quantities. This lack of dependence on temperature is not surprising as we effectively approximate the background and the beam as cold distributions through ignoring the implicit dependence of ζ and ζ ′′ on ω. The analytical approximation (4.11) is supported by numerical solutions of (4.1) where ζ and ζ ′′ are treated as functions of ω. The thin-dotted curve in Figure 5 corresponds to ρ 0 = 1, ε ρ = 1, ε n = 10 −4 and γ b ≈ 32 with peak value Γ R ≈ 3.4 × 10 −3 . For these parameter values we obtain Γ rr ≈ 6.3 × 10 −3 using (4.11).
Non-resonant reactive instability
In (4.4), contribution of the third term is significant when ω −β b ck is small since ε n ≪ 1. Introducing
with |δω 1 /β b ck | ≪ 1 allows us to write (4.4) as
with K 33 (ω, k ) = 0 having solutions
(4.14)
A growing mode (ω i > 0) exists only if β b ck < ω L0 (1). This condition agrees with our discussion that reactive instability applies over γ b γ φ γ| β=ζ01 (see also Figure 6 below). This is the non-resonant unstable beam mode (Gedalin et al. 2002a ) with real frequency ω r ≈ β b ck . The non-resonant fractional absorption coefficient is given by
(4.15) Clearly (4.14) and (4.15) break down as β b ck → ω L0 (1). This limit corresponds to the resonant case as treated above where ω r ≈ ω L0 (1) instead of ω r ≈ β b ck in the nonresonant case. We may approximate the ratio of the resonant to non-resonant fractional growth rate as
where we use β b ck /ω L0 (1) ≪ 1 for the non-resonant case. The non-resonant fractional growth rate is smaller than that for the resonant reactive instability, but it applies over a wider frequency range, which tends to offset the smaller growth rate (Gedalin et al. 2002b ). The argument is that the gain factor depends on the number of e-folding growth lengths which is limited by the changing value of ω p0 , and hence ω L0 (1), along the ray path: the growth rate (4.15) allows the waves to grow over a much longer ray path than for the resonant reactive version.
Comparison with ELM
For comparison, the estimate made by ELM for a streaming relativistic Gaussian distribution,
, may be written as
with n 1 /n 0 ∼ 10 −3 and where we use γ b ∼ 10 γ 0 as in (3.17). We may estimate (4.11) as Γ rr ∼ 10 −2 / γ 0 for these parameter values. The resonant reactive growth rate for a streaming Gaussian distribution, (4.17), is smaller than than for a Jüttner distribution, (4.11), by a factor ∼ 1/10 γ 0 .
Does reactive instability occur?
Our results appear to be implying that reactive instability occurs for Jüttner distributions in a pulsar plasma. We first describe our search for reactive instability, and then discuss the interpretation and implications of our results.
Search for reactive instability
The procedure we have employed in this section is consistent with existing literature. However, when one solves the exact dispersion equation (2.10) numerically using (2.13), without expanding in {|ω i /ω r |, |k i /k r |} ≪ 1, only the kinetic solution appears. This discrepancy is resolved by critically examining the approximate form of the dispersion equation (4.1) used in treating the reactive instability. 
. As discussed in Paper 1, the assumption |ω i /ω r | ≪ 1 (|ω
) has a positive turning point. Landau damping dominates for |ζ| ζ m0 (|ζ ′′ | ζ ′′ m1 ). Figure 6 shows plots of real (thick) and imaginary (thin) parts of W (ζ) (dotted), W 0 (ζ) (solid) and ε n γ b W 1 (ζ) (dashed) over γ φ for ρ 0 = 1, ε ρ = 1, ε n = 10 −4 and γ b /γ b,min = 2. The three vertical dotted lines indicate, from left to right, γ φ = γ 2 , γ 1 , γ| β=ζ01 , respectively, with γ 1 ≈ γ b , and γ| β=ζ01 ≈ 4.4γ b for ρ 1 = 1 and γ| β=ζ01 ≈ 3.5γ b γ 0 /ε ρ for ρ 1 ≪ 1, as discussed above. The imaginary part of W (ζ) follows ℑW 0 (ζ) for γ φ γ 2 and ε n γ b ℑW 1 (ζ) for γ φ γ b . Kinetic instability applies over γ 1 γ φ γ b and reactive instability applies over γ b γ φ γ| β=ζ01 . Both kinetic and reactive instability apply over a region where ζ > ζ m0 , but for both instabilities one has ζ ′′ < ζ ′′ m1 . This is not an issue when we are treating kinetic instability where the beam is a perturbation to the background. Furthermore, in treating kinetic instability we make the approximation z 2 W (z) ≈ ζ 2 ℜW (ζ), with W (z) defined in (2.15), for which indeed |ω i /ω r | ≪ 1 over the region where kinetic instability applies, as seen in Figure 6 . Over the region where reactive instability applies, the beam is not a perturbation to the background except near γ φ = γ b where non-resonant reactive instability applies. Also, |ω i /ω r | ≪ 1 is not satisfied properly especially near γ φ = γ| β=ζ01 where resonant reactive instability applies.
Why is there no reactive instability?
When damping/growth is weak we may write W (ζ) using (2.11) as
given by (2.4). Interaction of a wave with phase velocity ζ and a particle with velocity β is resonant if in (4.18) the Cenerkov resonance condition β − ζ = 0 is satisfied; the interaction is non-resonant otherwise. Kinetic instability arises from resonant interaction over regions where sgn(ζ) dg(u)/dβ| β=ζ > 0 and Landau damping occurs when sgn(ζ) dg(u)/dβ| β=ζ < 0. Reactive instability may potentially occur over regions where sgn(ζ) dg(u)/dβ| β=ζ = 0 such as over phases where g(u)| β=ζ is a zero/nonzero constant, or over regions where sgn(ζ) dg(u)/dβ| β=ζ is nonzero but sufficiently small to be negligible in comparison to growth through reactive instability (if one exists). When g(u)| β=ζ = 0, the interaction of the wave and the particles is non-resonant (as there are no particles with β = ζ to resonate with the wave) and when g(u)| β=ζ is a nonzero constant the interaction is resonant. Magneville (1990a,b) considered a 3D Jüttner distribution and concluded that temporal reactive growth is not possible when either the background or the beam interact resonantly with the wave; however, spatial reactive growth may be possible. For parameters relevant to pulsars, there is always resonant interaction between waves and particles in a Jüttner distribution. Aside from an exceedingly small neighbourhood of γ φ ≈ γ b , Landau dissipation dominates any potential reactive growth and the dissipative term cannot be neglected. The procedure we have employed in treating reactive instability analytically is based on the dispersion equation (4.1), and it seems that this cannot be justified, in the sense that one cannot justify neglecting the beam in determining the wave frequency. The contribution of the beam, which is heavily Landau damped, makes a significant contribution or even dominates the background invalidating the assumption |ω i /ω| ≪ 1. In effect, Landau damping dominates over reactive growth, invalidating the latter. We conclude that the conventional concept of a reactive instability does not apply for a Jüttner distribution for parameter values relevant to pulsars.
Interpretation based on Kramers-Kronig relations
A formal interpretation for the absence of a reactive instability follows from the Kramers-Kronig relations, which imply that the real and imaginary parts of the response function (K 33 here) are Hilbert transforms of each other. In the conventional treatment of a reactive instability, one neglects the imaginary part of the response functions, implying (for consistency) that the real part is approximated by a form whose Hilbert transform is zero. Functions of the form 1/(ω − ω 0 ), where ω 0 is independent of ω, have Hilbert transform equal to zero, and the cold plasma dispersion equation (4.2) can be written as a sum of functions of this form. However, our results suggest that, for the Jüttner-distribution model for the beam, the imaginary part cannot be neglected in the region where the putative reactive instability is expected to occur. This suggests that the coldplasma form of the dispersion equation cannot be a justifiable approximation, and that the dependence on ω in the numerator in (4.4) cannot be neglected. Our approximation assuming this numerator to be independent of ω is a posteriori not justifiable. When this dependence is included in our numerical results, we find no reactive instability, suggesting that the cold-plasma form is not a valid approximation and that the dispersion equation (4.4) cannot be approximated by a polynomial equation in ω.
Temporal and spatial growth in different frames
The foregoing calculations of the growth rate are for temporal growth in the plasma rest frame K. In applying the theory to a pulsar plasma, we are interested in spatial growth in the pulsar frame K ′ . In this section we discuss the relations between temporal and spatial growth in different inertial frames.
Temporal and spatial growth
The kinetic equation for growing waves is of the form of a total derivative, D/Dt = ∂/∂t + v g · ∇ where v g is the group velocity, operating on the wave amplitude equal to Γ times the wave amplitude, where Γ is the growth rate calculated using dispersion theory. In the 1D case discussed here one has v g · ∇ = β g c∂/∂s, where β g is the group speed and s is distance along the ray path. Temporal and spatial growth may be described by imaginary parts, ℑω and ℑk , of the frequency and (parallel) wavenumber, respectively, with the amplitude varying ∝ exp(ℑω t − ℑk s). The ratio of temporal and spatial terms depends partly on the boundary conditions: waves uniformly excited everywhere grow only in time and waves excited at a point source grow only in space away from the source. One has ℑω = Γ, ℑk = 0 for purely temporal growth and ℑω = 0, ℑk = −Γ/cβ g for purely spatial growth.
A helpful step in relating temporal and spatial growth in different frames is to consider the frame in which the group speed is zero. In this frame the wave energy is not propagating, and wave growth must be purely temporal. In the plasma rest frame, the group velocity may be directed either outward or inward. Let us use labels g± to denote these cases, writing the group velocity as ±cβ g , with β g defined to be positive. There are then two frames K g± , defined by the group velocity being zero for waves that are propagating outward and inward in K, respectively. Let t g± and s g± be time and distance in K g± . One has
where γ g = (1 − β 2 g ) −1/2 is the Lorentz factor corresponding to the group speed. The exponent in the variation of the amplitude, ∝ exp(ℑω t − ℑk s), is an invariant, † and may be rewritten as a variation ∝ exp(Γt g± /γ g ).
Growth in the pulsar frame
The growth rate in the pulsar frame K ′ is related to the growth rate in the rest frame of the plasma by a Lorentz transformation applied to ℑ ω, ℑ k , t and 2) and the inverse transforms follow by interchanging primed and unprimed quantities and replacing β s by −β s . The group speeds ±β g in K transform into
With the variation of the amplitude ∝ exp(ℑω
, and with Γ calculated in K by setting ℑk = 0 and Γ = ℑω. † Using ℑk µ = [ℑω/c, 0, 0, ℑk ] and x µ = [ct, 0, 0, s] so that Γ = x µ ℑkµ = ℑω t − ℑk s.
Growth factor
The growth factor, G, such that the wave amplitude increases by a factor exp(G) during the wave growth, is an invariant. Suppose that (constant) wave growth starts at one event and finishes at another event, with the two events separated by ∆t, ∆s in K and by ∆t ′ , ∆s ′ in K ′ . Then one has
which allows one to estimate the growth factor by applying appropriate boundary conditions in either frame. One restriction on G arises from the spatial variation of the number density n ′ ∝ 1/r 3 in the pulsar magnetosphere. This implies a characteristic distance L ≈ 3r/2 over which the plasma frequency ω ′ is approximately equal to the fractional growth rate in K for outward propagating waves, but for inward propagating waves it is larger by a factor of order γ 2 s γ 2 φ /γ 2 g . A detailed comparison of these two cases is needed, and we plan to discuss these details elsewhere. Suffice it to say here, neither seems favorable as a basis for pulsar radio emission.
Discussion
Our objective in this series of papers is to present a critical discussion of beam-driven instabilities in a pulsar plasma, that is, in a highly relativistic, strongly magnetized, 1D pair plasma. We assume that all particle distribution functions are either non-streaming or streaming Jüttner distributions, with ρ 0 1. We discuss wave dispersion in such a plasma in the plasma rest frame K in Paper 1 and discuss the transformation to the pulsar frame K ′ in Paper 2. In this paper we discuss growth rates for various possible beam-driven instabilities. We find that several difficulties, discussed in Papers 1 and 2, with beam-driven wave growth are further compounded by a quantitative difficulty: the growth rate is too small to be effective. This leads us to conclude that the widely-held assumption that a beam-driven instability plays a central role in the generation of pulsar radio emission is not justified for parameters considered plausible. Before commenting on this conclusion, we summarize the difficulties identified.
Difficulties identified in Papers 1 and 2
It is widely assumed that pulsar radio emission involves Langmuir-like waves growing through a beam-driven instability. As discussed in Paper 1, in RPE these waves are assumed to produce escaping radiation through nonlinear (or other) processes, and in CCE these waves are assumed to develop into solitons, which provide the particle bunches postulated for curvature emission to be coherent. A major difficulty, pointed out in Paper 1, is that there are no Langmuir-like waves in pulsar plasma. For the particular case of parallel propagation the dispersion relations reduce to ζ = β A for the Alfvén and X modes and to ω = ω L0 (ζ) for the L mode. † Although L mode waves exist for all superluminal phase speeds, ζ > 1, only subluminal waves are relevant for a beam instability. Subluminal L mode waves exist for only a tiny range of phase speeds, ζ ≈ 1 − 1/2γ 2 φ with γ φ ≫ 1. Specifically, there is no solution for γ φ 2 γ 0 , and for 2 γ 0 γ φ γ m ≈ 6 γ 0 , the waves have anomalous dispersion (e.g., implying negative energy and other unusual features). The only relevant (parallel-propagating) waves are those in the range γ m < γ φ < ∞. Over this tiny (≈ 0.13/ γ 2 0 ) range of ζ, ω L0 (ζ) changes significantly implying, inter alia, a large (negative) value of dω L0 (ζ)/dζ, leading to a very small ratio of electric to total energy, R L (ζ) ≈ 1/24 γ 2 0 . The resulting wave properties (for γ 0 ≫ 1) are inconsistent with any plausible definition of "Langmuir-like". An exception is that the L mode has longitudinal polarization, but only for strictly parallel propagation: for slightly oblique propagation, the parallel L mode becomes the O mode for ζ > β A (γ φ > γ A ) and the Alfvén mode for ζ < β A (γ φ < γ A ).
A second difficulty, discussed in Papers 1 and 2, concerns how the beam is formed. The favored suggestion (Usov 1987; Ursov & Usov 1988 ) is based on a "sparking" model in which the pair creation is structured in both space and time, resulting in "clouds" of pairs. A beam instability is attributed to the counter-streaming motion resulting when faster particles in a following cloud over take slower particles in a preceding cloud (Usov 1987; Asseo & Melikidze 1998) . In Paper 2 it is pointed out that this model requires that the two distributions (e.g. beam and background) be well separated, in the sense that the combined distribution function, g(u), has a well-defined minimum between them, so that there is a positive gradient dg(u)/du > 0 above the minimum. For a beam propagating through a background plasma, which is the case usually assumed, this separation condition requires γ b γ b,min ∼ 10 γ 0 . This condition is not plausibly satisfied for a "sparking" model, and some more extreme assumption, than random differences between clouds, is required to account for counter-streaming.
A further complication relates to the resonance condition γ φ = γ b . For γ b > γ A , the resonance is in the branch that becomes the O mode for oblique propagation, and for γ b < γ A the resonance is in the branch that becomes the Alfvén mode for oblique propagation. The very large value of γ A in a pulsar plasma suggests that any beam-driven instability is in the Alfvén mode, as earlier authors suggested (Tsytovich & Kaplan 1972; Lyutikov 2000) . However, the conventional dispersion relation for the Alfvén mode, z = β A or γ φ = γ A in the notation used here, is relevant only for γ b ≈ γ A , and the dispersion relation corresponding to γ φ = γ b < γ A is L-mode-like, as discussed in Paper 1.
Choice of beam distribution
An assumption that is widely made is that the beam is described by a relativistically streaming Gaussian distribution,
We argue that such a distribution is artificial, and that a realistic relativistic streaming distribution is obtained by Lorentz transforming a (e.g., Jüttner, Gaussian, water-bag or bell) distribution in the rest frame to the (primed) frame in which the particles are streaming at β b . The distribution function transforms from g(u) to g
, which is very much broader that the assumed relativistically streaming distribution. For example, Asseo & Melikidze (1998) assumed a relativistically streaming distribution and expressed it in dimensionless variables,
dT . This choice may be compared with the distributions obtained by assuming a Jüttner distribution,
Tb ], and Lorentz transforming to include the streaming motion giving, in dimensionless variables,
, respectively. The additional factors γ b and γ 2 b , respectively, in the denominators in the exponents imply that the Lorentztransformed distribution are of order γ b broader than these distributions in their rest frame. We regard the assumption of a relativistically streaming distribution, rather than a Lorentz-transformed distribution, as artificially narrow, thereby obscuring the difficulty of satisfying the separation condition.
Kinetic instability
In this paper, we ignore these difficulties and estimate the magnitude of the growth rate, which we express as a fraction of the wave frequency. The growth rate Γ L (ζ) corresponds to the parallel L mode which is larger than the growth rate for oblique modes (e.g. O and Alfvén modes). As discussed by ELM, the instability can take two different forms, kinetic or reactive, with the former applying only if the growth rate is less than the bandwidth of the growing waves. For a relativistically streaming distribution ELM found that this condition is not satisfied and that any instability must be reactive. With our choice of distribution function, specifically one constructed by including the streaming through a Lorentz transformation, the much larger width of the distribution implies that the (maximum) growth rate is reduced and that the bandwidth of the growing waves is increased. As a result we find that this condition for the kinetic version to apply can be marginally satisfied. However, the relatively small growth rate introduces another difficulty: an essential condition for effective wave growth is a large growth factor G, and our estimates suggest G < 1. A beam-driven instability is then ineffective in generating any waves in pulsar plasma.
Reactive instability
In §4 we outline a conventional procedure for reducing the dispersion equation for a warm beam to a cold-plasma-like form that is a quartic equation in ω. This form is the basis for the usual treatment of a reactive beam-driven instability. We suggest seemingly plausible assumptions to reduce the dispersion equation for a Jüttner model for the beam to a quartic equation, and write down approximate solutions for growing waves. However, our numerical calculation fails to support this procedure, and we find no reactive instability. Our interpretation is that the imaginary part of the contribution of the beam to the dispersion equation cannot be neglected, and that this invalidates the approximations made in reducing this equation to a cold-plasma-like form.
Conclusions
Our main conclusion is that beam-driven wave growth does not occur for plausible parameters in a pulsar plasma. The kinetic instability can occur, but the growth rate is too small to be effective, and the reactive instability does not occur. This implies either that RPE and CCE are untenable as pulsar radio emission mechanisms, or that the model on which our "plausible" parameters are based is incorrect in some important way. We note that the assumption that has the greatest negative effect on possible beamdriven wave growth is that the particles have a relativistic spread in their rest frame, γ 0 − 1 1. For example, if this assumption is replaced by γ 0 − 1 ≪ 1, the L mode in the rest frame becomes Langmuir-like, as assumed by Weatherall (1994) in the model used by Eilek & Hankins (2016) in arguing that RPE can account for the nanoshots observed in the Crab pulsar. However, such a nonrelativistic spread is inconsistent with models for pair cascades.
The implications for pulsar radio emission need to be discussed critically in the context of a specific model for a pulsar magnetosphere. We propose to discuss the implications for pulsar radio emission in detail elsewhere. Figure 7 : Plots of ℑW (ω, k ) against ℜW (ω, k ) for ρ = 1, ε ρ = 1, ε n = 10 −4 , γ b /γ b,min = 2. The y-axis has been scaled using a bi-symmetric log transformation x → sgn(x) log 10 1 + |x/10 C | with C = −2 so that the range 0 to 1 is presented by two decades.
parameters. At z 3 we have ℜW (z 3 ) < 0 if γ b (ε n ε ρ ) 1/2 /2 γ 0 which is never satisfied for well separated distributions. From (A 4) it is evident that ℜW (z 2 ) > ℜW (z 3 ) since g(u)| β=z3 > g(u)| β=z2 and γ| β=z3 > γ| β=z2 as z 3 > z 2 . Thus we have ℜK 33 (ω 3 , k ) > ℜK 33 (ω 2 , k ).
Therefore, there is a small k = k 0 with ℜK 33 (ω 2 , k 0 ) < 0. If ℜK 33 (ω 3 , k 0 ) > 0 then we may adjust k 0 such that ℜK 33 (ω 3 , k 0 ) > 0 while ℜK 33 (ω 2 , k ) < 0 since ℜW (z 2 ) > ℜW (z 3 ). The contour c K may then cross the negative real axis in the complex K 33 -plane only once, at ℜK 33 (ω 2 , k 0 ) = 1 − (ω 2 p0 /c 2 k 2 0 )ℜW (z 2 ), and must encircle the origin. Therefore, a necessary and sufficient condition for existence of an instability is ℜW (z 2 ) > 0 or
where g(u) is a global minimum at β = z 2 . This is the Penrose criterion for instability: an instability exists if ℜW (z 2 ) > 0 when ℑW (z) switches sign at z = z 2 . When plotting ℜW (z) against ℑW (z) the plot starts at +i0 crossing the real axis, in order, at z 1 (downwards), z 2 (upwards) and z 3 (downwards) and then returning to −i0. Figure 7 shows a plot of ℑW (ω, k ) against ℜW (ω, k ) for ρ = 1, ε ρ = 1, ε n = 10 −4 , γ b /γ b,min = 2. The y-axis has been scaled using a bi-symmetric log transformation x → sgn(x) log 10 1 + |x/10 C | with C = −2 so that the range 0 to 1 is presented by two decades. This curve may be considered as a map of the contour c ω (or c K ) onto the complex W -plane: contour c W . The curve starts at (ℜW (z), ℑW (z)) = (0, 0) when ω = −∞, moves to the right along the real axis as ω → −ck (or z = −1) where ℑW (z) has a nonzero positive value [around (ℑW (z), ℜW (z)) ≈ (+0i, 2.8)]. The curve goes up moving anti-clockwise and crossing the real axis at z = z 1 ≈ 0 (downwards) with ℜW (z 1 ) ≈ −1 < 0. Continuing along, the curve eventually crosses the real axis at z = z 2 (upwards), with ℜW (z 2 ) ≈ 3 > 0, and at z = z 3 ≈ β b (downwards), with ℜW (z 3 ) ≈ 2.6 < ℜW (z 2 ), looping back towards the real axis at ω = −ck (or z = 1) [around (ℑW (z), ℜW (z)) ≈ (−0i, 3.8)] and approaching the origin as ω → ∞. The mode corresponding to these parameter values is then unstable by the Penrose criterion.
